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It is known that in two dimensional relativistic Dirac systems, the Landau levels can collapse in
the presence of a critical in-plane electric field. We extend this mechanism to the three dimensional
Weyl semimetals and analyze the physical consequences for the cases of both, real and pseudo
Landau levels arising form strain–induced elastic magnetic fields.
I. INTRODUCTION
Graphene and Weyl semimetals (WSM) are examples
of Dirac matter in two and three dimensions respectively.
In both materials, the Fermi surface consists on a series
of pairs of points of definite chirality, located at different
positions in the Brillouin zone. The relativistic nature of
these systems has important experimental consequences.
One of the best explored in the literature is the behavior
in magnetic fields. The Landau level (LL) spectrum dif-
fers from that of the standard electron systems and the
LL structure was the compelling evidence of having Dirac
electrons in graphene [1, 2]. The characteristic zeroth
Landau level LL plays an important role in the discus-
sion of the chiral anomaly in WSM [3] in the 3D systems
and the magneto-resistance has become the standard test
of the anomaly [4–9].
More recently it has been recognized that, as happens
in graphene, elastic lattice deformations couple to the
low energy electronic excitations of WSM in the form
of elastic axial gauge fields [10]. The original derivation
was followed by a number of works extracting the conse-
quences of this new vector coupling [11–15]. Strain engi-
neering can give rise to pseudo LL in these 3D materials,
nice examples are provided in refs. [11, 13] and a general
analysis of strain induced LL in any dimension has been
presented in [16].
In this work we analyze the spectrum of WSM in the
presence of perpendicular electric and magnetic fields.
The motivation lies on the recognition that, for Dirac ma-
terials, the presence of a critical electric field perpendicu-
lar to the magnetic field induces a collapse of the Landau
levels. This fact was explicitly derived in two spacial di-
mensions for the case of graphene in [17, 18], and has also
been recognized in a different context in [19, 20] when an-
alyzing tilted WSM. Our main contribution concerns the
strained WSM. The critical observation is that, in addi-
tion to the elastic gauge fields, strain gives rise in general
to a deformation potential that acts as a pseudo–electric
field perpendicular to the pseudo–magnetic field leading
to the collapse of the pseudo Landau levels (PLL). This
phenomena has been discussed for graphene in [21]. To
fix the notation we will first derive the condition for the
FIG. 1: Schematic representation of the band structure of
eq. (1) with the Weyl nodes separation chosen along the kz
axis. k‖ stands for (kx, ky).
collapse of LL in the case of real electromagnetic fields in
Sec. II and then examine the situation of the electronic
oscillations induced by elastic deformation in Sec. III. We
end in Sec. IV with some further considerations on the
effects of strain in WSM.
II. COLLAPSE OF THE LANDAU LEVELS IN
WEYL SEMIMETALS. ELECTROMAGNETIC
FIELDS
Dirac fermions in three dimensions are described by a
four component spinor wave function obeying the Dirac
equation (γµ∂µ − m)Ψ = 0. In the massless case and
choosing the Weyl representation for the Dirac matri-
ces, the equation splits into two equations with two-
component wave functions representing Weyl fermions of
oposite chirality. In the material realization of the Weyl
physics, the two chiralities (band crossings) are separated
in k space by a vector bµ(µ = 0, 1, 2, 3). The minimal low
energy effective model describing a WSM with only two
nodes, is
L = Ψ¯γµ(∂µ + iγ5bµ)Ψ, (1)
where γµ are standard Dirac matrices. The vector bµ
breaks Lorentz symmetry. Its time component b0 is
related to the separation in energy of the Weyl nodes
and breaks, in addition, inversion symmetry. The spa-
cial component bi represents the separation in k space
ar
X
iv
:1
70
3.
05
39
9v
2 
 [c
on
d-
ma
t.m
es
-h
all
]  
1 S
ep
 20
17
2and breaks time reversal symmetry T . Fig. 1 shows a
schematic representation of the band structure of eq. (1)
with the vector ~b pointing in the z direction.
Inversion-broken WSM have been found experimen-
tally [9, 22, 23]; T broken have been predicted in mag-
netic compounds [24] and experimental evidences are ad-
vocated in [25].
Signatures of the chiral anomaly are found in the be-
havior of the magnetorresistance in parallel E and B
fields. The case of perpendicular E and B fields has been
less studied although a very interesting discussion of the
LL spectrum in the context of tilted Weyl semimetals is
done in refs. [19, 20]. The LL collapse is already implicit
there but their aim is different. We will present here the
derivation of the LL collapse in perpendicular electric and
magnetic field to fix the notation and to pave the way for
the discussion of strain in the next section.
Around a single Weyl node, the WSM is a relativistic
system with the velocity of light c replaced by the Fermi
velocity vF . As we know from special relativity [26, 27],
a boost in the direction perpendicular to E and B with
the appropriate velocity leads to a reference frame where
the electric field E′ vanishes. The spectrum of a WSM in
perpendicular E and B is obtained by solving the problem
in the primed reference frame with magnetic field B′ and
boosting back to the original reference frame. This was
done in the 2D case in ref. [17]. The 3D derivation is as
follows:
We choose the Landau gauge A = (−By, 0, 0) and the
scalar potential φ = −Ey. This represents a constant
magnetic and electric fields B,E pointing in the z and
y directions respectively. Since kz is a good quantum
number, the system can be considered as a collection of
2D Dirac layers in a perpendicular electromagnetic field.
The energy spectrum of such configuration is well known;
electron motion is arranged into Landau levels:
n = ±
√
Ω2cn+ v
2
fk
2
z , (2)
where the cyclotron frequency in units ~ = 1 is Ωc =√
2vF /lB , with lB =
√
1/(eB) the magnetic length. Un-
der a boost in the x direction with velocity v, the chosen
electromagnetic field transforms as:
E′y = γ(Ey − vBz) , B′z = γ(Bz −
v
v2F
Ey), (3)
where γ = 1/
√
1− β2, β = v/vF . When the veloc-
ity coincides with the drift velocity, vd = E/B, the
primed reference frame experiences only a magnetic field
of magnitude B′z =
√
1− β2B and the spectrum is
given by eq. (2) with the primed magnetic field and with
β = E/vFB. Since the energy is the zeroth component
of the energy-momentum quadrivector, the inverse boost
transformation
n = γ(1− β2)′n + vfβkx (4)
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FIG. 2: Cyclotron frequency as a function of the electric field
for kz=0.
gives the spectrum in the original frame. The final ex-
pression is
n = ±
√
Ω2cn(1− β2)3/2 + v2fk2z(1− β2) + vfβkx. (5)
For comparison, the spectrum of a non-relativistic elec-
tron system in the same field configuration is
n =
(
n+
1
2
)
ωc +
k2z
2m
− kyE
B
− m
2
(
E
B
)2
, (6)
with the cyclotron frequency given by the standard
expression ωc = eB/mc. As it happens in the 2D
case [17, 18], apart from a rigid shift of the levels (which
is the only effect of the electric field in the case of the non-
relativistic electron system), there is a non trivial depen-
dence of the cyclotron frequency with the electric field.
The evolution of the cyclotron frequency with the applied
electric field for kz = 0 is shown in Fig. 2. As it can be
seen, the LL collapse for the critical value E = vFB. The
LL collapse described here is different from the overlap of
LL occurring in a non relativistic electron gas [28]. It is a
property of the Dirac matter that will take place not only
in WSM but also in Dirac semimetals. These materials
have the two chiral nodes located at the same point in
the Brillouin zone and are, at present, more accesible ex-
perimentally. Examples are Na3Bi or Cd3As2 [8, 29, 30].
Three dimensional Dirac LL have already been observed
in these compounds so it would be interesting to check
the LL collapse in these materials. Although indications
of LL collapse have been obtained experimentally [31, 32]
we do not know of similar attempts in 3D samples.
III. STRAIN IN WEYL SEMIMETALS:
COLLAPSE OF THE PSEUDO LANDAU LEVELS
The coupling of electronic excitations to lattice defor-
mations in graphene in the form of gauge fields [33–35],
the prediction of pseudo Landau levels (PLL) for some
strain configurations [36, 37], and their experimental ob-
servation with Scanning Tuneling Spectroscopy [38] have
3FIG. 3: Sketch of a sheet of the proposed rectangular lattice
WSM. The applied strain configuration bends the original
system into a circular arc in the x-y plane. This configuration
is able to produce both pseudo–magnetic and pseudo–electric
fields, the PLL spectrum collapsing when the critical value is
reached.
been one of the most exotic and fruitful developments in
the physics of graphene. The concept of elastic gauge
fields and the capability to manipulate the electronic ex-
citations by means of strain (straintronics) has been later
extended to other more general 2D Dirac materials [39].
Massless Dirac nodes must come in pairs of opposite chi-
rality [40]. The general understanding is that elastic
gauge fields will arise when these Dirac nodes are lo-
cated at non equivalent points in the Brillouin zone [41].
Weyl semimetals share most of the relevant properties
of graphene concerning the coupling of elastic and elec-
tronic degrees of freedom. The fact that elastic gauge
fields would also be present in WSM was deduced in a
recent publication [10]. In this section we will explore the
collapse of the PLL in certain strain configurations due
to the strain induced deformation potential following the
lines described for graphene in [21].
Elastic lattice deformations are parametrized by the
strain tensor uij = 1/2(∂iuj + ∂jui), a function of the
displacement vector ui. A symmetry approach allows
a straightforward construction of an elastic gauge field
as Aeli = uijbj (i, j = x, y, z). The coupling parame-
ters must be fixed either by a microscopic model (tight
binding, ab initio) or determined by experiments. In the
original reference [10], these were extracted from a tight-
binding model.
Another important electron-phonon coupling in elas-
ticity theory is the deformation potential (shifts in the
energy bands resulting from deformations of the crystal
lattice). It is proportional to the trace of the strain ten-
sor and is of the same order as the elastic gauge field
in a derivative expansion. Considering the simplest case
of two Weyl nodes separated in momentum space, the
low energy Hamiltonian around one of the Weyl nodes
coupled to the lattice deformation is
H = vFσi(pi + cAi) + gΦ1, (7)
where Φ(x) ∼ ∑j ujj(x) and g is the coupling constant
associated to the deformation potential. The dimension-
less Grüneisen parameter c is typically of order one in
most materials [42, 43]. In what follows we will put
c = 1 and remove it from the discussion. The defor-
mation potential couples as a scalar electromagnetic po-
tential which can give rise to a (pseudo) electric field
Ei = −∂iΦ. Next we will demonstrate the collapse of
the PLL in a very simple configuration and later we will
discuss more realistic examples.
Assume that we have a WSM with two Weyl nodes
separated a distance b in the kx direction. A strain con-
figuration such that uxx = −By/b, uyy = uzz = 0, will
give rise to an elastic vector potential Ai = uijbj such
that Ax = −By, Ay = Az = 0. This describes a uniform
magnetic field of magnitude B in the z direction. Simul-
taneously, the scalar potential Φ = −gyB/b, induces a
pseudo–electric field of magnitude E = gB/b pointing in
the y direction. We are then in the situation described
in the previous section. The collapse of the PLL occurs
when E ≥ vFB, i. e. gB/b ≥ vFB. The condition
for the PLL collapse translates into a constraint on the
values of the coupling constant associated to the defor-
mation potential: g ≥ vF b. Although there are not yet
measurements of the electron–phonon couplings in WSM,
using reasonable numbers we see that the condition will
be easily attainable in the samples. The separation be-
tween the nodes is estimated to be b ∼ 0.08Å−1 in TaAs,
with the Fermi velocity vF ∼ 1.3 × 105m/s [44]. These
values give a lower bound for the elastic coupling con-
stant of g ≥ 0.07eV meaning that the samples will typi-
cally be affected by the effect described. Notice that the
estimated value in graphene is of the order of 4 eV tak-
ing screening into account. Thin films of WSM which
are the ones more suitable for straintronics are not ex-
pected to be so deformable but the required value is fifty
times smaller and screening is reduced in WSM due to
the relativistic spectrum.
Apart from the academic example presented to expose
the phenomenon, more realistic strain configurations will
also be affected by it and this effect will have to be taken
into account for a correct interpretation of the experi-
ments when these are available. Since the deformation
potential is the trace of the strain tensor, shear strain
conserving the volume of the sample will not generate a
pseudo–electric field. This is the case for example of the
torsional strain discussed in [11] or the tetra-axial strain
in the diamond lattice of ref. [16]. Other strain configu-
rations easier to implement experimentally will be fully
affected by the effect. The best experimentally accessible
devices will be obtained by bending thin films of WSM, a
generalization of the strain configuration first suggested
in ref. [37] for graphene sheets. Consider a rectangular
lattice model with the Weyl nodes separated by a dis-
tance b in the kx direction. A generic deformation
ux = u0(2xy + Cx)
uy = u0[−x2 −Dy(y + C)]
uz = 0, (8)
4where u0 and D are constants that depend on the ma-
terial; u0 defines the maximum stress and D is a rela-
tion between Lamé coefficients. C parametrizes a fam-
ily of deformations encoding the same pseudomagnetic
field. The strain configuration (8) gives rise to the elastic
gauge potential Ax = uxxbx = u0(2y+C)b. The constant
pseudo–magnetic field will be Bz = −2u0b . In addition
to the pseudo–magnetic field, this strain configuration
has a deformation potential Φ(y) = u0(1 − D)(2y + C)
that will generate a constant pseudo–electric field Ey =
−2u0(1 − D)g perpendicular to the magnetic field, as
shown in Fig. 3. As in the above example, the collapse of
the PLL spectrum is translated into a restriction for the
values of the elastic coupling constants, g ≥ vfb/(1−D).
For a thin film of Cd3As2 as the one suggested in ref. [13],
a coupling constant g ≥ 0.16eV , would be needed to col-
lapse the predicted oscillations.
IV. DISCUSSION
This work can be extended to situations involving more
general – and more realistic – materials. In particular,
most of the actual WSM are inversion broken, meaning
that the inequivalent Weyl nodes are separated in energy
by a zeroth component of the b field in eq. (1). In a recent
publication [45] it was shown that, in these materials, a
time component of the elastic gauge field will develop un-
der strain. This gives rise to a pseudo–electric gauge field
that, in contrast to the one associated to the deformation
potential, will be axial, i. e. will couple with opposite
sign to the two Weyl nodes of opposite chirality. The ad-
dition of the two terms can lead to interesting situations
where the chiral imbalance is maximized by making the
total scalar potential zero in one of the nodes.
The Dirac semimetals have been the subject of intense
experimental research and the measures of the magneto-
resistance have been used as an experimental evidence
of the chiral magnetic effect [46, 47]. Even though these
materials will not support elastic gauge fields, strain will
still induce a deformation potential that will also affect
the spectrum of the system in real magnetic fields.
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